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We calculated the phase diagram of the Kondo-Heisenberg model on two-dimensional honeycomb lattice with
both nearest-neighbor and next-nearest-neighbor antiferromagnetic spin exchanges, to investigate the interplay
between RKKY and Kondo interactions at presence of magnetic frustration. Within a mean-field decoupling
technology in slave-fermion representation, we derived the zero-temperature phase diagram as a function of
Kondo coupling Jk and frustration strength Q. The geometrical frustration can destroy the magnetic order, driv-
ing the original antiferromagnetic (AF) phase to non-magnetic valence bond state (VBS). In addition, we found
two distinct VBS. As Jk is increased, a phase transition from AF to Kondo paramagnetic (KP) phase occurs,
without the intermediate phase coexisting AF order with Kondo screening found in square lattice systems. In
the KP phase, the enhancement of frustration weakens the Kondo screening effect, resulting in a phase transition
from KP to VBS. We also found a process to recover the AF order from VBS by increasing Jk in a wide range
of frustration strength. Our work may provide deeper understanding for the phase transitions in heavy-fermion
materials, particularly for those exhibiting triangular frustration.
PACS numbers: 75.30.Mb, 75.10.Jm, 73.43.Nq, 75.10.Kt
I. INTRODUCTION
In recent years, the exploration of quantum phase transi-
tions in strong-correlated electron systems continuously at-
tracts attention, among which, the heavy-fermion (HF) sys-
tems focus great interests[1, 2]. For the HF materials, which
are theoretically described by Kondo lattice model (KLM)
or Kondo-Heisenberg lattice model (KHLM), the interplay
between Ruderman-Kittel-Kasuya-Yosida (RKKY) interac-
tion and Kondo coupling may cause phase transitions be-
tween a variety of phases. For the KLM on two-dimensional
square lattice, in addition to the Kondo-destroyed AF phase
with small Fermi surface(AFs) in weak Kondo coupling re-
gion and the Kondo-screened paramagnetic phase (KP) with
large Fermi surface at strong coupling, various works us-
ing mean-field approximation, bond-fermion approach, vari-
ational Monte Carlo calculations and Gutzwiller approxima-
tion have verified a phase coexisting Kondo screening with
AF order which exhibits a large Fermi surface (AFl) in in-
termediate Kondo coupling strength[3–6, 8, 9]. In this con-
text, the offset between magnetic transition and Kondo break-
down is realized, as observed in a series of materials such as
Ce3Pd20Si6 [3], CeCoGe3−xSix [10], CeRh1−xCoxIn5 [11,
12] and YbRh2Si2 under Co and Ir doping [13, 14]. No-
tably, the reduction of conduction electron concentration away
from half-filling may lead to a offset-to-converge shift be-
tween magnetic transition and Kondo breakdown [4, 5, 15].
In theoretical models, the RKKY interaction is ordinarily
represented by Heisenberg exchanges between local spins.
The antiferromagnetic Heisenberg exchanges favor a AF or-
der in the absence of magnetic frustration. while the anti-
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ferromagnetic feature of Kondo coupling brings spin fluctu-
ations between local spins and itinerant electrons. The com-
petition between these two mechanisms results in enriched
phase diagram. In practice, Isaev [6] stated that the increasing
of Heisenberg exchanges can generate phase transitions from
KP to AFl, then to AFs phase, successively. Surprisingly, he
also found that the variation of next-nearest-neighbor (N.N.N)
electron hopping t′ can also lead to a offset-to-converge shift
between magnetic transition and Kondo breakdown.
While most of previous studies of KHLM focused on the
square lattice, the two-dimensional lattice with geometrical
frustration provides additional tuning factor into the phase
transitions in HF systems, such as CePd1−xNixAl [16] on
Kagome lattice, and YbAgGe [17, 18], YbAl3C3 [19, 20]
on triangular lattices. For Yb2Pt2Pb [21, 22], a KHLM on
Shastry-Sutherland square lattice (SSL) [23] was proposed,
in which the diagonal Heisenberg exchanges J2 provide geo-
metrical frustration, and the phase diagram was determined on
Jk-J2 plane within mean-field approximation [24, 25]. In ad-
dition to the conventional phase transitions between AFs, AFl
and KP phases in weak frustration region, the authors found
that the enhanced frustration not only suppresses the AF order
and gives rise to a VBS, but can also drive the KP phase to
VBS.
In order to investigate the quantum phase transitions in
other frustrated HF systems different from SSL, we study the
KHLM on honeycomb lattice with N.N.N. exchanges provid-
ing magnetic frustration. The local spins are represented by
slave-fermions then the phase diagram is calculated through
mean-field self-consistent treatments. We found a distinct
phase diagram from the KHLM on SSL. Firstly, no AFl phase
appears; secondly, two different VBS emerge, which are sep-
arated by J2/J1=1; thirdly, we noticed a new process to re-
cover AF order from VBS by enhanced JK at medium frustra-
tion. Our results may shed light on the explanation of quantum
phase transitions observed in HF compounds with geometrical
2frustration.
II. KONDO-HEISENBERG MODEL WITH
GEOMETRICAL FRUSTRATION ON HONEYCOMB
LATTICE
We consider the Kondo-Heisenberg model on honeycomb
lattice. The lattice structure and RKKY exchanges are shown
in Fig.1(a). The honeycomb lattice can be naturally divided
into two sublattices A and B, respectively. Two types of
Heisenberg exchanges are considered: local spins interact
with each other along the hexagonal side length direction with
strength J1 > 0; spins also interact with their next-nearest-
neighbors with strength J2 > 0. The nearest-neighbor (N.N.)
Heisenberg interactions J1 favor a AF configuration with an-
tiparallel moments on different sublattices, while the N.N.N.
interactions J2 provide magnetic frustration to create a non-
magnetic VBS. The model Hamiltonian is written explicitly
as
H =
∑
i,j,σ
tij(c
†
iσcjσ + h.c.)
+
∑
i,j
JijSi · Sj + Jk
∑
i
Si · Sic, (1)
where the antiferromagnetic Heisenberg strength Jij between
local spins Si and Sj equal J1 for N.N. and J2 for N.N.N.,
respectively. We introduce two cases of J2 configurations,
the first is that each spin is connected to six other N.N.N.
spins (Fig.1(a)); the latter is that only one J2 interaction ex-
ists in each hexagon (Fig.1(b)). The electron (created by
c†iσ) hopping strengths are tij = −t for N.N. and t′ for
N.N.N.. Local moments interact with conduction electrons
through Kondo coupling Jk > 0. The spin-density of itin-
erant electrons can be written using Pauli matrix as Sic =
1
2
∑
αβ c
†
iασαβciβ , while the local spins are represented by
slave-fermions as Si = 12
∑
αβ f
†
iασαβfiβ under restriction
of only one fermions in each lattice site, which can be com-
posed by adding a Lagrangian term
∑
i λi(
∑
σ f
†
iσfiσ − 1) to
the Hamiltonian.
III. HEISENBERG MODEL IN SLAVE-FERMION
REPRESENTATION
Before calculating the phase diagram of KHLM, we first
study the J1-J2 Heisenberg model on honeycomb lattice in
slave-fermion representation. We perform two steps of mean-
field decoupling, first we rewrite the Heisenberg interactions
to the form (neglecting a trivial constant) [26]
JijSi · Sj = −
1
2
∑
σσ′
f †iσfjσf
†
jσ′fiσ′ , (2)
these terms describe creation of spin-bonds, and are approx-
imated by introducing VBS strength χij = −
∑
σ〈f
†
iσfjσ〉.
For the polarization term Szi · Szj , we introduce the staggered
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FIG. 1: (Color online) Kondo-Heisenberg model on honeycomb lat-
tice. Red and green dots denote local spins on two sublattices. J1 and
J2 are N.N. and N.N.N. Heisenberg exchanges, respectively. Two
cases are considered: six (a) and only one (b) J2-lines exist in each
hexagon. The gray parallelogram in (a) indicates the unit cell.
  
(b) VBS2(a) VBS1
FIG. 2: (Color online) VBS configurations with lowest energies. (a)
VBS1: every two spins connected by J1 form isolated bonds. (b)
VBS2: two-spin bonds are created along J2 lines. In these two VBS,
the bonds can be set arbitrarily along J1 and J2 lines, respectively,
provided that each spin belongs to a single two-spin bond.
magnetization mf = 12
∑
σ σ〈f
†
AiσfAiσ〉 ( takes opposite
value in B sublattice) to decouple it. In order to generate more
reliable results, the bond-creation term and polarization term
are multiplied by weights η and 1−η, respectively [24], while
η = 0.5 corresponds to common mean-field treatments [6].
The mean-field parameters λ,mf , χij are determined by min-
imizing the ground state energy.
In the VBS phases, different kinds of spin bonds may ex-
ist (see Fig.2,3). For example, two-spin bonds (denoted by
χij 6= 0) can be created along either J1 or J2 lines; iso-
lated bonds can be formed by two, three, four, six and even
more spins (similar to the dimer patterns in quantum dimer
model [27]); in addition, all χij along N.N. direction can be
nonzero to form unitary VBS. All these VBS should be con-
sidered. For VBS consisted of isolated bonds, the energies
are easily calculated as summation of the binding energy for
each bond. We found the two-spin bond VBS to be the lowest-
energy states [28], with − 14J1η (VBS1 in Fig.2) and − 14J2η(VBS2 in Fig.2) per site. For hexagonal VBS, triangular VBS
(see Fig.3) and the unitary VBS, the energies are calculated
to be − 29J1η, −
1
8J2η and −0.2066J1η per site, respectively,
3  
(b) (a) 
FIG. 3: (Color online) Two possible VBS considered in our calcula-
tions: (a) hexagonal bonds and (b) triangular bonds. These two states
exhibit higher energies than VBS1 and VBS2 in Fig.2.
all higher than the two-spin VBS. For this reason, only VBS1
and VBS2 are included in the phase diagram [28]. By com-
paring their energies, the phase boundary between VBS1 and
VBS2 is obtained to be J2/J1 = 1, similar to the Heisen-
berg model on SSL [24]. We calculated the energy of AF
phase to be − 34 (J1 − 2J2)(1 − η)N , where N is the number
of hexagon, therefore the boundary between AF and VBS1 is
J2/J1 =
3−5η
6(1−η) . Furthermore, AF and VBS may coexist (in
SSL model [24]), e.g., AF+unitary VBS, AF+hexagonal VBS,
etc. However, these states have higher energies than VBS1
phase, therefore they don’t appear in the phase diagrams.
The phase diagram of Heisenberg lattice in Fig.1(a) is given
in Fig.4(a) as a function of frustration Q = J2/J1 and η. AF
order is suppressed by enlargedQ rapidly and finally vanishes
at a critical frustrationQ = 3−5η6(1−η) depending on the choice of
η. For comparison, we also calculated the staggered magne-
tization through linear spin-wave theory, illustrated in Fig.5.
We found a appropriate choice of η = 0.54 at which AF or-
der vanishes at Qc = 0.1087, equal to spin-wave result. In
this phase diagram, AF and VBS2 are separated completely
by VBS1 phase, this character is owning to the large number
of J2 lines, which is twice the number of J1 lines, as a result,
the AF order can be easily destroyed by even small Q. Re-
ducing the number of J2 lines may make there phases closer
with each other in the phase diagram. For the case of only one
J2 line in each hexagon (Fig.1(b)), the corresponding phase
diagram is illustrated in Fig.4(b), in which each phase is con-
nected with other two phases. Once the Kondo coupling is
included, the phase diagrams of KHLM on Fig.1(a) and (b)
may be distinct from each other. For structure2, we choose
η = 0.55, also close to the conventional value 0.5.
IV. PHASE DIAGRAM OF KONDO-HEISENBERG
LATTICE
The on-site Kondo couplings lead to the screening of lo-
cal spins by conduction electrons, on the other hand, the
longitudinal spin interactions in Kondo couplings may give
rise to the polarization of both conduction electrons and lo-
cal spins in opposite directions. In the mean-field procedure,
FIG. 4: (Color online) Phase diagram of J1-J2 Heisenberg model
in slave-fermion representation. (a) and (b) correspond to lattices
Fig1.(a) and Fig1.(b), respectively. Dashed lines indicate the choices
of η. For the meaning of η, see the main text.
FIG. 5: (Color online) Spin-wave results for the staggered magneti-
zation of the Heisenberg lattice in Fig1.(a).
the Kondo coupling in Eq.1 is firstly decomposed into singlet
and triplet hybridizations between conduction electrons and
slave-fermions as [6, 15]
−
3
8
Jk
∑
i
[(
∑
σ
c†iσfiσ) · h.c.]
+
1
8
Jk
∑
i
[(
∑
σ
σc†iσfiσ) · h.c.]. (3)
The first term denotes traditional singlet Kondo screening,
which can be estimated by introducing Vs = 12
∑
σ〈c
†
iσfiσ〉
to perform Hartree-Fock approximation, while the second
term describes triplet paring, which can be approximated by
introducing staggered parameter Vt = 12
∑
σ σ〈c
†
AiσfAiσ〉.
Note that Vt takes opposite values in different sublattices,
and it only survives in the coexisting phase of AF and
Kondo screening [7, 15]. The longitudinal Kondo interac-
tion Jk
∑
i S
z
iS
z
ic can be decoupled by using mf and mc =
− 12
∑
σ σ〈c
†
AiσcAiσ〉 (both are staggered in different sublat-
4FIG. 6: (Color online) Phase diagram of Kondo-Heisenberg lattice
model on honeycomb lattice (see Fig1.(a)) as a function of Kondo
coupling Jk and frustration J2/J1.
FIG. 7: (Color online) Phase diagram of Kondo-Heisenberg lattice
model on honeycomb lattice (Fig1.(b)) as a function of Kondo cou-
pling and frustration.
tices) [8].
By combining the electron-hopping term together with the
Heisenberg and Kondo terms under above mean-field treat-
ments, the Hamiltonian in Eq.1 can now be expressed in mo-
mentum space by matrix formH = Nǫ0+
∑
kσ Φ
†
kσHkσΦkσ ,
where ǫ0 is a constant term and Hkσ is a 4 × 4 ma-
trix. The four-component spinon is defined as Φkσ =
(cAkσ cBkσ fAkσ fBkσ)
T
. The excitation spectrums are eas-
ily obtained by diagonalizing Hkσ , then the mean-field pa-
rameters Vs, Vt, mc, mf , λ, µ, χij are determined by mini-
mizing the ground state energy, finally, phases can be classi-
fied according to the non-zero order parameters. In general
case, analytical expressions for the spectrums are unavailable,
we have to diagonalize Hkσ numerically, through which we
obtain the Bogliubov transformations to determine the param-
eters through their definitions [15].
The derived phase diagrams of KHLM on honeycomb lat-
tice corresponding to Fig.1(a) and (b) are shown in Fig.6 and
7, respectively. For each lattice structure, two cases of elec-
tron occupation per site nc = 1 and nc = 0.8 are consid-
ered, causing no essential influence to the phase diagrams. At
Jk = 0, the phase-evolution with frustration Q follows the
dashed lines in Fig.4, from AF phase (mf ,mc 6= 0) at small
frustration, to VBS1 then to VBS2 phase with increasing frus-
tration.
In weak frustration region (Q < 0.1087 for structure1, and
Q < 0.556 for structure2), the AF order persists till a critical
Jk into KP phase, which is characterized by non-zero Kondo
screening strength Vs. For the Kondo lattice model on square
lattice, previous works based on mean-field approximation,
bond-fermion approach, variational Monte Carlo calculations
and Gutzwiller approximation have verified the coexistence
of AF and KP at intermediate Jk [3–6, 9, 15], while on the
honeycomb lattice, we find this coexistence phase to be higher
in energy than both AF and KP phases, therefore it vanishes
in the phase diagrams, similar to Kondo insulator defined on
SSL [29]. This feature may be attributed to the unique density
of states (DOS) for conduction electrons. For the electrons
hopping on honeycomb lattice, we notice a great reduction of
DOS around the Fermi level near half-filling, this small DOS
weakens the correlation with local spins, which may result in
the instability of coexisting phase between AF and KP. This
result certainly needs further theoretical verification.
With medium frustration(Q < 1) and small Jk, the system
is in the VBS1 phase, increasing Jk enhances AF correlation
between itinerant electrons and local spins, resulting in the re-
covery of AF order. Further increasing of Jk enhances Kondo
screening and drives AF phase to KP phase. For sturcture1, at
0.64 < Q < 1(for nc = 1), the VBS1 phase can be shifted
directly to KP phase by increased JK . In strong frustration
regime(Q > 1), the VBS2 phase enters, then the KP phase
arises over a critical Jk. Notably, for structure2, we found
that over a wide frustration region 0.56 < Q < 2.385 (for
nc = 1), a intermediate Jk can recover the AF order from
VBS phases (similar process is also seen in VBS1 phase in
0.1087 < Q < 0.64 for structure1). The recovery of AF order
from VBS phases by enhancement of Kondo coupling is not
realized in square lattice system such as in SSL KHLM [24].
V. CONCLUSION
In summary, we have studied the KHLM on honeycomb lat-
tice with antiferromagnetic N.N. and N.N.N. Heisenberg in-
teractions J1 and J2, respectively, with the later providing ge-
ometrical frustrations. We employed slave-fermion represen-
tation of local spins to study the interplay between Kondo cou-
pling and magnetic frustration. We found that in small Kondo
coupling region, increased frustration can destroy the mag-
netic order, driving the system into disordered VBS phases.
Remarkably, the magnetic transition and breakdown of Kondo
screening converges, leaving no coexisting phase of AF and
Kondo screening, in contrast to the separation of these two
transitions in square lattice systems. Moreover, we found two
stable VBS phases, in which the spin-bonds are constructed
5through N.N. and N.N.N. RKKY exchanges, respectively, and
these two VBS phases are separated by a frustration ratio
J2/J1 = 1. Notably, in a rather wide frustration region, en-
hancing the Kondo coupling can recover the AF order form
VBS states, further increasing of Kondo coupling leads to KP
phase with Kondo screening. Large frustration strength can
destroy the Kondo screening in KP phase and bring the sys-
tem into VBS phase. Our result may give theoretical supports
to the experimental exploration of quantum phase transitions
in heavy-fermion compounds with geometrical frustration.
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